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approximate analytical method so-called the differential transform method (DTM). The solution
obtained by the method is an inﬁnite power series for appropriate initial condition, without any
discretization, transformation, perturbation, or restrictive conditions. A comparative study between
the present method, the classical Euler’s and Runge–Kutta fourth order (RK4) methods is also
carried out.
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Consider the dynamic model for HIV infection of CD4+ T
cells [1]:
dT
dt
¼ k aTþ rT 1 TþI
Tmax
 
 kVT;
dI
dt
¼ kVT bI;
dV
dt
¼ NbI cV;
9>=
>;; ð1Þ
where T(t), I(t) and V(t) denote concentration of uninfected,
infected and virus population of CD4+ T cells by HIV in
the blood, respectively. rT 1 TþI
Tmax
 
is logistic growth of thehealthy CD4+ T cells, Tmax is the maximum level of
CD4+ T cells in the human body, r is the rate at which T cells
multiply through mitosis when stimulated by antigen or mito-
gen, k is the constant rate which the body produces CD4+ T
cells from precursors in the bone marrow and thymus (i.e. k is
the rate of production of CD4+ T cells), a is the natural turn-
over rate of T cells and. k*VT is the incidence of HIV infection
of healthy CD4+ T cells, where k* > 0 is the rate of infection
of T cells by virus. b is the per capita rate of disappearance of
infected cells. N*b is the rate of production of virions by in-
fected cells, where N* is the average number of virus particles
produced by an infected T-cell and c is the death rate of virus
particles [1–3]. In a normal human body, the level of CD4+ T
cells in the peripheral blood is regulated at a level between 800
and 1200 mm3. CD4+ T cells are also named as T helper
cells or leukocytes. These cells are the most abundant white
blood cells of the human immune system, which ﬁght against
diseases. HIV wreaks most havocilly these cells causing their
decline and destruction, thus decreasing the resistance of the
human immune system. The dynamic model has proved
Table 1 Fundamental operations of the differential transform
method.
Original function Transformed function
f(t) = u(t) ± v(t) F(k) = U(k) ± V(k)
f(t) = bu(t) F(k) = bU(k)
f(t) = u(t)v(t) FðkÞ ¼Pks¼0UðkÞVksðkÞ
fðtÞ ¼ duðtÞdt F(k) = (k+ 1)U(k+ 1)
fðtÞ ¼ dmuðtÞdtm F(k) = (k+ 1)(k+ 2). . .(k+ m)U(k+ m)
fðtÞ ¼ R tt0 uðsÞds FðkÞ ¼ Uðk1Þk ; kP 1
f(t) = tm F(k) = d(k  m)
fðtÞ ¼ expðktÞ FðkÞ ¼ kkk!
f(t) = sin (xt+ a) FðkÞ ¼ xkk! sin pk2 þ a
 
f(t) = cos (xt+ a) FðkÞ ¼ xkk! cos pk2 þ a
 
Table 2 Comparison between DTM, Euler and RK4 for T(t).
t DTM Euler RK4
0.0 0.100000 0.100000 0.100000
0.2 0.211648 0.1 91448 0.208801
0.4 0.422685 0.345502 0.406214
0.6 0.817940 0.605002 0.764351
0.8 1.546211 1.042060 1.413870
1.0 2.854053 1.777990 2.591200
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The practical and industrial exposures of such type of model
can be seen in [4]. This type of models has been solved by var-
ious researchers [5–8].
Each equation in system (1) represents the rate of change
with respect time with the initial conditions
Tð0Þ ¼ r1;0; Ið0Þ ¼ r2;0; Vð0Þ ¼ r3;0: ð2Þ
The purpose of this work is to solve numerically the
dynamic model for HIV infection of CD4+ T cells by using
the differential transformation method. The obtained results
are compared with those obtained by classical Euler’s and
RK4 methods.
The remaining part of the paper is organized as follows; in
Section 2, the basic idea of the differential transform method is
illustrated. The numerical implementation of the method for
CD4+ T-cells model and numerical results and comparison
between DTM, Euler’s and RK4 methods are given in
Section 3, and the concluding discussion is given in
Section 4.
2. Differential transform method (DTM)
The differential transform method is the semi numerical
analytical method developed by Zhou [9] for solving integral
equations, ordinary, partial differential equations and differen-
tial equation systems that uses the form of polynomials as
approximations of the exact solutions that are sufﬁciently
differentiable. The method gives the solution in terms of
convergent series with easily computable components. The
fundamental operations of the DTM and its applications for
various kinds of differential equations are given in [10–13].
In this section, the basic deﬁnitions and operations of the
differential transformation are reviewed.
Let f(t) be a k-times differentiable function with respect to
time t, then the differential transform of the kth derivative of
f(t) is deﬁned as
FðkÞ ¼ 1
k!
dkfðtÞ
dtk
 
t¼t0
; ð3Þ
where f(t) is the original function and F(k) is the transformed
function. The inverse differential transform of F(k) is deﬁned
as:
fðtÞ ¼
X1
k¼0
FðkÞðt t0Þk: ð4Þ
Clubbing Eqs. (3) and (4) together, we get
fðtÞ ¼
X1
k¼0
ðt t0Þk
k!
dkfðtÞ
dtk
 
t¼t0
: ð5Þ
From Eq. (5), it can be seen that the concept of DTM is
derived from Taylor series expansion, but the method does
not calculate the derivatives symbolically. However, the
relative derivatives are evaluated by an iterative way which is
given by the transformed equation of the original function.
For the implementation point of view, the original function
is expressed by a ﬁnite series and so Eq. (4) is written as
fðtÞ ¼
XN
k¼0
FðkÞðt t0Þk; ð6Þwhere N is decided by the convergence of natural frequency.
The fundamental operations of DTM have been given in
Table 1.
3. Numerical simulation
In this section, the numerical simulation is performed. The ini-
tial conditions are given as
Tð0Þ ¼ r1;0 ¼ 0:1; Ið0Þ ¼ r2;0 ¼ 0;Vð0Þ ¼ r3;0 ¼ 0:1;
k ¼ 0:1; a ¼ 0:02; b ¼ 0:3; r ¼ 3;
c ¼ 2:4; k ¼ 0:0027;Tmax ¼ 1500;N ¼ 10
9>=
>;: ð7Þ
Applying the DTM to Eq. (1), the following iterative recur-
rence relation is obtained as
Tkþ1 ¼ 1ðkþ1Þ
k aTk þ rTk  rTmax
 Xk
s¼0
½TsTksðkÞ
TsIksðkÞ  kVkTks
8><
>:
9>=
>;;
Ikþ1 ¼ 1ðkþ1Þ k
Xk
s¼0
VsTks  bIk
( )
;
Vkþ1 ¼ 1ðkþ1Þ NbIk  cVkf g;
9>>>>>>>=
>>>>>>;
;
ð8Þ
where Tk+1, Ik+1 and Vk+1 are the differential transformation
of T(t), I(t) and V(t) respectively. The differential transforma-
tion of the initial conditions is given as
T0 ¼ 0:1; I0 ¼ 0; V0 ¼ 0:1: ð9Þ
Table 3 Comparison between DTM, Euler and RK4 for I(t).
t DTM Euler RK4
0.0 0.00000 0.000000 0.000000
0.2 6.36664e06 5.48760e06 6.03188e06
0.4 1.39924e05 1.11233e05 1.31565e05
0.6 2.26514e05 1.66243e05 2.12207e05
0.8 3.32836e05 2.18436e05 3.01728e05
1.0 4.85399e05 2.67125e05 4.00314e05
Figure 2 Sixth-order differential transform method solution for
I(t).
Figure 4 Sixth-order differential transform method solution for
T(t), I(t) and V(t).
Table 4 Comparison between DTM, Euler and RK4 for V(t).
t DTM Euler RK4
0.0 0.100000 0.100000 0.100000
0.2 0.061880 0.057761 0.061881
0.4 0.038309 0.033366 0.038296
0.6 0.023920 0.019279 0.023706
0.8 0.016212 0.011145 0.014681
1.0 0.016050 0.006450 0.009102
Figure 1 Sixth-order differential transform method solution
for T(t).
Figure 3 Sixth-order differential transform method solution for
V(t).
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system (1) can be obtained as
TðtÞ ¼
XN
n¼0
Tnt
n;
IðtÞ ¼
XN
n¼0
Int
n;
VðtÞ ¼
XN
n¼0
Vnt
n;
9>>>>>=
>>>>>;
: ð10Þ
For the computation convince N= 6 is taken. The conver-
gence of differential transform method is shown in Tables 2–4.
DTM solution is compared with Euler’s method and RK4
method. From Tables 2–4, it can be deduced that DTM solu-
tions are in good agreement with the RK4 method while solu-
tions by Euler’s method are less accurate. The sixth-order
solution obtained by DTM for T(t), I(t) and V(t) is depicted
Figure 5 Comparison of solutions using DTM, RK4 and Euler’s
methods for T(t).
Figure 7 Comparison of solutions using DTM, RK4 and Euler’s
methods for V(t).
Figure 6 Comparison of solutions using DTM, RK4 and Euler’s
methods for I(t).
628 V.K. Srivastava et al.in Figs. 1–4. Figs. 5–7 show comparison between the DTM,
Euler’s and RK4 methods.
4. Conclusions
In this article, the differential transform method has been
implemented for a dynamical model of HIV CD4+ T cells.
The obtained solution by the method is a power series solution
for an appropriate initial condition and ﬁnds the solution with-
out any discretization, transformation, perturbation, or
restrictive conditions. The solutions obtained by the differen-
tial transform method are compared well with those obtained
by Euler’s and RK4 methods. Additionally, this method,
which is a simple and powerful mathematical tool, can be eas-
ily applied for solving nonlinear problems arising in systems of
nonlinear differential equations and also in dynamical systems.Acknowledgement
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